Experimental techniques based on the atomic force microscope (AFM) have been developed for characterizing mechanical properties at the nanoscale and applied to a variety of materials and structures. Atomic force acoustic microscopy (AFAM) is one such technique that uses spectral information of the AFM cantilever as it vibrates in contact with a sample. In this paper, the dynamic behaviour of AFM cantilevers that have a dagger shape is investigated using a power-series method. Dagger-shaped cantilevers have plan-view geometry consisting of a rectangular section at the clamped end and a triangular section at the tip. Their geometry precludes modelling using closed-form expressions. The convergence of the series is demonstrated and the convergence radius is shown to be related to the given geometry. The accuracy and efficiency of the method are investigated by comparison with finite element results for several different cases. AFAM experiments are modelled by including a linear spring at the tip that represents the contact stiffness. The technique developed is shown to be very effective for inversion of experimental frequency information into contact stiffness results for AFAM. In addition, the sensitivities of the frequencies to the contact stiffness are discussed in terms of the various geometric parameters of the problem including the slope, the ratio of the rectangular to triangular lengths and the tip location. Calculations of contact stiffness from experimental data using this model are shown to be very good in comparison with other models. It is anticipated that this approach may be useful for other cantilever geometries as well, such that AFAM accuracy may be improved.
Introduction
The dynamic behaviour of cantilever probes, including the resonant frequencies, in atomic force microscopy (AFM) has been widely used for practical estimations of material properties at the nanoscale since its invention in 1986 [1] [2] [3] [4] [5] [6] . In some cases, researchers have found the dagger geometry useful for AFM measurements. However, the dynamic techniques have been limited for dagger-shaped cantilevers because of the complexity of the governing equations and the boundary 3 Author to whom any correspondence should be addressed.
conditions. Unfortunately, closed-form solutions for the natural resonances and vibrational modes of dagger-shaped cantilevers have not been found. Thus, most investigations related to AFM analysis for related beams are based on numerical methods, such as the finite element method [6] [7] [8] .
In this paper, the dynamic behaviour of a general daggershaped cantilever with three distinct regions, shown in figure 1 , is considered. The cantilever has one region with constant cross section and two linearly varying regions. The thickness is assumed constant over the entire length. In addition, the AFM tip position is allowed to be variable such that it need not lie exactly at the end of the cantilever. Because of the complexity of the governing equations of the dagger-shaped cantilever, a power series expansion is employed to determine the vibrational modes of the cantilever. The convergence of the power series is shown, and the convergence radius of the series is given. The characteristic equation is expressed as a power series by employing all of the boundary and continuity conditions. Thus, the natural frequencies of the beam are derived in a straightforward manner. The dynamic behaviour of various kinds of daggershaped cantilevers with different geometries and different contact positions may then be studied without difficulty.
One application of this analysis arises in atomic force acoustic microscopy (AFAM) measurements [2, 5, 6] . In this case, the measured resonant frequencies are used to determine the contact stiffness and subsequently the material properties of the sample. As shown below, numerical results indicate that the power-series solution described here is more effective for inverse analysis than the finite element method (FEM) used previously [6] . The effectiveness of the method is demonstrated by a very good agreement for the wavenumbers of the system with the results of the FEM for different geometries and different contact positions. Using the characteristic equation, the sensitivity of the wavenumbers to the contact stiffness is studied with emphasis on the effects of cantilever geometry. Section 2 introduces the basic vibration model of the dagger-shaped cantilever. In section 3 the mode functions are derived using a power-series expansion and the convergence of the series is shown. In section 4 the characteristic equation is derived and its applications are discussed. A comparison of finite element and power-series results is given in section 5. In section 6 the influence of geometry on the sensitivity is investigated. Then, the application of the power series for estimation of material properties is studied in section 7.
Vibration model
The atomic force microscope cantilever, shown schematically in figure 1(a) , is modelled here as a Euler-Bernoulli beam. The plan view of the general dagger-shaped beam considered here is shown in figure 1(b) . It is clamped at one end and near the opposite end of the cantilever a tip with small radius is attached. The tip-sample contact is modelled here as a linear spring. Usually, the tip is not located exactly at the end of the cantilever. The linear boundary-value problem for this system has different governing equations and boundary conditions for the different regions given by the left region with constant cross section, and the centre and the right regions with linearly varying cross sections. The governing equation and boundary conditions for the left region with constant cross section and length L 0 are given by [9, 10] 
The governing equation and continuity conditions for the centre region with linearly varying cross section are given by
Finally, if the weight of the tip is neglected, the governing equation, continuity conditions and boundary conditions for the right region are given by
In equations (1)- (3), respectively. E is the Young's modulus of the cantilever, I 0 and A 0 are the area moment of inertia and area of the constant cross section, respectively, and ρ is the mass density. The additional deflections about the equilibrium position are given by w, with w 0 , w 1 and w 2 defining the deflections for the left, centre and right regions, respectively. Here, k * is the linear contact stiffness. It should be noted that the linear contact stiffness assumed here does not explicitly include specifics of the tip, such as tip radius and tip shape. Although these aspects are critical to the AFM contact mechanics problem, they are beyond the scope of this work, since the focus is on the influence of the dagger-shape on the vibrational behaviour.
Mode functions
The general solution to equation (1) is found by seeking a harmonic solution
where
ω 2 with k as the wavenumber. The general harmonic solution to equation (2) for the centre region of the beam with linearly varying cross section is found by the form
iωt for 0 x L 1 . Substituting the harmonic solution into equation (2), a fourthorder ordinary differential equation is derived as
, and the primes indicate derivatives with respect to x/L 1 .
A closed-form solution to equation (5) is not available. Thus, we seek a power-series solution of the form
Substituting equation (6) into (5), the general solution is given by
where H i , i = 0, 1, 2, 3 are constants and
Letting ξ i(−1) = 0, the recursion relation for ξ i(n+1) is found to be
Similarly, the general harmonic solution to equation (3) for the right region with linearly varying cross section is found using the form
Substituting the harmonic solution into equation (3), we obtain an equation similar to equation (5) . Thus, the mode function is given by
where ζ in = δ in for n 3.
Letting ζ i −1 = 0, the recursion relation for ζ i(n+1) is given by
Therefore, the convergence radius of the system is R = min(R 1 , R 2 ).
Characteristic equation and applications
The characteristic equation of the system governing the allowable wavenumbers (and corresponding natural frequencies) is obtained by applying the boundary and continuity conditions, giving
where the constants
are given in the appendix. We define the effective rectangular stiffness of the cantilever as
3 . Then, the stiffness of the dagger-shaped cantilever is defined as the shear load needed at the contact position for a unit displacement at the same point. This expression is given by
If η 1 = 0, α = 0, then k c = k c0 , and the cantilever has a constant cross section to the left of the tip. If
) 3 ]. In this case, the width of the cantilever at the position of the tip is zero.
By using equation (13), the characteristic equation (11) may be rewritten as
(14) The characteristic equation (14) may be simplified for several important cases: Case 1. When k * = ∞, the contact point is a pinned connection. The characteristic equation then becomes
Case 2. For many dagger-shaped cantilevers, the tip is located very near the end of the cantilever such that L 2 = 0. The characteristic equation can then be simplified as
Case 3. When η 1 = η 2 = 0, the cross section of the cantilever is constant. Equation (14) then is simplified as
This result is the same as the exact one given elsewhere [11] . This special case shows that the power series converges to the appropriate exact solution.
The main applications of the characteristic equation in AFM can be divided into three parts. First, the resonant frequencies of the cantilever can be predicted when the geometry of the system and the contact stiffness k * (or k * /k c ) are known. Second, the contact stiffness k * (or k * /k c ) can be determined for a given geometry from the measured Table 1 . Wavenumber-contact stiffness relation using the power-series for η = 0. Table 2 . Wavenumber-contact stiffness relation using the power-series for η = 0 and L 2 = 2.7 µm. resonant frequencies. Third, the characteristic equation can be employed to design the optimum geometry of the cantilever with the largest sensitivity to changes in contact stiffness. These applications are discussed in sections 6 and 7. In the following section, the power-series method is compared with a finite element solution.
Comparison of the FEM and power series
Although the convergence of the power series has been shown, its effectiveness still needs to be tested. Therefore, a comparison of the power series solution with the FEM and the exact solution is necessary. The power series converges very quickly for small η. When η = 0, by employing 22 terms, we can obtain the exact wavenumbers for different values of contact stiffness. With an increase of η, more terms are needed. When η → 1, 100 terms are needed for an uncertainty of 0.2%. To get even more accurate results, 1400 terms are used for the computation in the power series, and 200 elements are employed in the FEM. Details of the FEM are given elsewhere [6] . First, we consider a rectangular cantilever (
The results obtained by the power series, shown in table 1, are identical to the exact results [11] for all values of k * /k c to six significant digits.
Next, a rectangular cantilever with three regions is considered to verify the effectiveness of the power series proposed. Thus, we let
In the computation, 22 terms are used in the power series. The results shown in table 2 are also identical with the exact ones [11] to six significant digits.
Next, a typical dagger-shaped cantilever with the contact at one end of the cantilever is tested. To avoid the singularity associated with the zero stiffness of the cantilever at the contact, we choose η = 0.99 and
The results are shown in table 3. The maximum difference relative to the FEM results is 0.0011%. Table 4 . Comparison of the wavenumber calculated using the power-series and the FEM for η = 0.99, L 0 = 102 µm, Finally, a general dagger-shaped cantilever is considered. The contact is assumed to be close to the end of the cantilever. These examples show that the results by the power series method are very close to those obtained from the finite element method with an error sufficiently small for practical implementation.
Influence of geometry on sensitivity

Sensitivity of the wavenumber to contact stiffness
For the AFAM technique, it is important to know how the frequencies vary with the contact stiffness. Thus, the concept of sensitivity was introduced [12] . To determine the sensitivity of the system to changes in the contact stiffness, we define the sensitivity as the change in the flexural wavenumber k L to the contact stiffness [12] .
ω 2 , we can define the dimensionless frequency asω = (k L) 2 . Therefore, the sensitivity of frequency in dimensionless form can be expressed as
The sensitivity of the first four modes is shown in figures 2-4. For the three different types of cantilever geometries considered, the dimensionless frequencies as a whole become smaller with the increase of the slope factor η. When η = 0, that is, the cantilever has a constant cross section, the sensitivities of the first four frequencies reach a maximum. With the increase of the slope factor η, the sensitivities of the first four frequencies decrease compared with that at η = 0. At η = 1 − , the sensitivities arrive at a minimum. When η = 0, the cantilever is rectangular, with the sensitivity shown in figure 2 . Although the sensitivities decrease as a whole with the increase of contact stiffness, the sensitivities of the second and third frequencies increase slightly and then decrease quickly. When k * /k c < 10.08, the first frequency is more sensitive than the second and third ones. When k * /k c 10.08, the second frequency becomes more sensitive than the first one. When k * /k c 25.38, the third frequency is more sensitive than the first one.
However, when η is close to 1, as shown in figure 2 , such as η = 0.99, the sensitivities never increase with an increase of contact stiffness for all the frequencies. Instead, they drop quickly with an increase of the contact stiffness. When k * /k c < 15.129, the first frequency is more sensitive than the second and third ones. When k * /k c 15.129, the second frequency becomes more sensitive than the first one. When k * /k c 29.06, the third frequency is more sensitive than the first one. Finally, when k * /k c 50.640, the fourth frequency is more sensitive than the first one. If this contact because the varying ranges of the contact stiffness become larger compared with that of a rectangular one.
Next, the behaviour of the sensitivity for different contact positions is studied. With the slope factor of η = 0.99, the sensitivity of the first four modes for both L 2 = 0 and L 2 = 4 µm is shown in figure 3 . Although the sensitivity of the different modes is almost the same for different values of L 2 at small contact stiffness, it decreases more quickly with increasing L 2 . The critical contact stiffness decreases with a small increase in the length L 2 .
Finally, we investigate the influence of the ratio L 1 /L 0 on the sensitivity, which is shown in figure 4 . The sensitivity for all the modes increases with a decrease of L 1 /L 0 . The critical contact stiffness increases with the decrease of L 1 /L 0 .
Relation between wavenumber and slope factor
For small contact stiffness k * /k c , the frequencies or wavenumbers shown in figures 5-7 were observed to increase with the increase of the slope factor η. However, when the contact stiffness is greater than some critical value, the wavenumbers are seen to have a peak at a value of η < 1. That is, they do not increase monotonically with an increase of slope factor η for a given value of contact stiffness. They initially increase until reaching a maximum, then decrease, approaching the results for η = 1. This interesting behaviour was observed for the first several wavenumbers.
In order to clarify this result, the values of p and η that correspond to the maximum wavenumber are plotted in figure 8 for the first three modes using the same geometry as in figures 5-7. For a given contact stiffness k * /k c these maxima do not always occur as η → 1, but change with k * /k c . For a fixed k * /k c , the maximum wavenumbers occur at a critical slope factor called η cr , which has the value of 1 when the contact stiffness is less than a critical value. Then it decreases with the increase of the contact stiffness. For example, when p 40, the first wavenumber always has its maximum for the rectangular case (η → 1). However, with increased contact stiffness, η cr becomes smaller, as shown in figure 8 . For the second and third wavenumbers, the situation is similar, but the minimum contact stiffness for this wavenumber is larger. 
Application of power series for determining material properties
The accuracy of the power series was shown in table 5 with a good agreement with finite element results. Most importantly, the power-series method provides a direct inversion of frequency data to contact stiffness without iteration. The power series is now applied to estimate material properties of a thin film of niobium (Nb) by AFAM.
AFAM is usually employed to determine the material properties at the nanoscale by measuring the resonant frequencies of a cantilever contacting at the end with the material. Using the measured resonant frequencies under both free and contact conditions, information for both the elastic properties of the cantilever and the sample can be extracted directly from the characteristic equation,
A reference material is usually employed in the experiment to eliminate experimental uncertainties [2, 6] . These experiments have shown that the elastic properties of the reference sample, namely its indentation modulus M, should be similar to that of the test material. For an isotropic material, M is related to Young's modulus E and Poisson's ratio ν by M = E/ 1 − ν 2 . In this experiment, the first reference material is a (001) single-crystal silicon (Si) wafer with indentation modulus M Si = 161 GPa. The second one is a borosilicate crown glass disk with indentation modulus M gl = 85 ± 3 GPa [6] .
The computation for the indentation modulus of the test materials are based on the following equations [5] :
where n is the parameter of the contact model. For Hertzian contact n = 1.5, and for flat-punch contact n = 1.
To determine the indentation modulus of a Nb film sample from the resonant frequency measured previously, we use both the power-series and finite element methods for Hertzian contact (n = 1.5) and flat-punch contact (n = 1), respectively. The results are shown in table 5. It can be seen that the indentation modulus using the power series approach is slightly lower than that obtained by the FEM. The maximum difference is 4%. However, it is still very close to that obtained by the finite element method. Therefore, the power series can be employed in the estimation of material properties with an error that is sufficiently small. Most importantly, the results are obtained without iteration, as is necessary with the FEM [6] .
Summary
In this paper, a power-series approach has been presented for studying the dynamics of AFM cantilevers. The power series can be effectively employed in the computation for the dynamic analysis of any kind of dagger-shaped cantilever with different slope factors. The computation error is acceptably small with the error controlled by the number of terms used in the expansion. It was shown that fewer terms are needed when the slope factor of the width is small.
For the dagger-shaped cantilever, the sensitivities of all the frequencies or wavenumbers to the contact stiffness change with the slope factor. In general, the higher the slope, the lower the sensitivity. Low-order frequencies are more sensitive to the small contact stiffness. With the increase of the contact stiffness until critical values, the sensitivities of different frequencies will change.
The example results presented here represent only a few of the many applications of the power-series method. The ability of this method for direct inversion of resonant frequency measurements into contact stiffness values is clearly a major advance over other methods, such as the finite element method, developed for AFM beams with non-uniform cross sections. The development of this general solution will create new opportunities for AFAM experiments involving a greater variety of cantilevers beyond those (rectangular) currently used for AFAM. The benefits to the greater material science and engineering research community are expected to be substantial.
